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Read and Rezayi Zk parafermion wavefunctions describe ν = 2 +
k
kM+2
fractional quantum
Hall (FQH) states. These states support non-Abelian excitations from which protected quantum
gates can be designed. However, there is no experimental evidence for these non-Abelian anyons
to date. In this paper, we study the ν = 2/k FQH-superconductor heterostructure and find the
superconducting analogue of the Zk parafermion FQH state. Our main tool is the mapping of
the FQH into coupled one-dimensional (1D) chains each with a pair of counter-propagating modes.
We show that by inducing intra-chain pairing and charge preserving backscattering with identical
couplings, the 1D chains flow into gapless Zk parafermions when k < 4. By studying the effect
of inter-chain coupling, we show that every parafermion mode becomes massive except for the two
outermost ones. Thus, we achieve a fractional topological superconductor whose chiral edge state
is described by a Zk parafermion conformal field theory. For instance, we find that a ν = 2/3 FQH
in proximity to a superconductor produces a Z3 parafermion superconducting state. This state is
topologically indistinguishable from the non-Abelian part of the ν = 12/5 Read-Rezay state. Both
of these systems can host Fibonacci anyons capable of performing universal quantum computation
through braiding operations.
I. INTRODUCTION
There has been a surge of interest in searching for
non-Abelian anyons (non-Abelions) [1] in the topolog-
ical states of matter during the past few years [2–9].
The non-Abelian states are suitable platforms to per-
form topological quantum computation via braiding their
non-Abelions. The simplest non-Abelian state is the
Pfaffian wavefunction that was proposed by Moore and
Read to explain the ν = 5/2 fractional quantum Hall
(FQH) plateau [5]. Later, Read and Rezayi generalized
Pfaffian to Zk parafermion wavefunctions as the ground-
state of ν = 2 + kkM+2 fractional quantum Hall (FQH)
states, where M is an even (odd) integer for bosons
(fermions) [10]. The neutral sector of the edge state can
be obtained by computing the correlation functions of
an SU(2)k/U(1) conformal field theory (CFT) known as
Zk parafermion CFT [1, 11]. These states are believed
to have non-Abelian excitations [1, 10]. Unfortunately,
the experimental search for detecting non-Abelian exci-
tations in the FQH states has failed so far. In this paper,
we propose another venue to search for Zk parafermion
states and show that these exotic states emerge in an
FQH-superconductor heterostructure.
The simplest non-Abelian quasiparticle, Ising anyon,
was conjectured to be found in the νc = 5/2 Pfaffian frac-
tional quantum Hall (FQH) state by Moore and Read [5].
This state corresponds to Z2 Read-Rezayi parafermions
with M = 1. It was shown later that Majorana fermions
can be observed in the superconducting vortices in the
weak pairing phase of the px + ipy superconductors as
well [12, 13] and, these two seemingly different states have
identical topological order. This was the first known su-
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perconducting state that supports non-Abelions expected
in FQH states.
The most interesting state among the Read-Rezayi
wavefunctions is the Z3 parafermion state that describes
the ground-state of ν = 12/5 and ν = 13/5 FQH
states [1, 10]. This state state supports Fibonacci anyon,
a non-Abelion that has dF =
1+
√
5
2 quantum dimension
and can perform universal quantum computation, i.e.,
all the quantum gates can be designed and measured by
braiding Fibonacci anyons [1, 14–16]. The quantum di-
mension of Fibonacci anyons can be understood by count-
ing the number of degenerate ground-states at the pres-
ence of n Fibonacci anyon excitations. For that purpose
we need to consider their fusion algebra: τ × τ ∼ 1 + τ ,
which means a state with n Fibonacci anyons can be
mapped into the superposition of states with two and one
less Fibonacci anyons, respectively. Thus, the ground-
state degeneracy (GSD) in the presence of n Fibonacci
anyon excitations, G (n), satisfies the Fibonacci recursion
relation, i.e., G (n) = G (n− 1) +G (n− 2). At the large
n limit, GSD grows as logG (n) ∼ n log dF + ... .
Achieving the two-dimensional (2D) superconducting
analogue of the Read-Rezayi parafermion states requires
answering two major steps: First, in what system can
we observe parafermions [17–20] as the physical degree
of freedom? Second, how can we condense such quasi-
particles? Parafermions are the generalization of the Ma-
jorana fermion, sometimes called fractionalized Majorana
fermions. Consider χi parafermion operator at site i. A
Zk parafermion operator satisfies χ
k
i = 1, χ
†
i = χ
k−1
i ,
and χiχj = exp (2pii/k)χjχi algebra for i < j [17, 19].
The Zk parafermion Read-Rezayi state can be obtained
by condensing a cluster of k parafermions. This conden-
sation is allowed because k parafermion cluster behaves
like a bosonic object. Fibonacci anyons emerge as the ex-
citations above the condensate of Z3 parafermions. For
instance, they can bind to the topological defects of the
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2condensate, e.g., inside vortices.
Recently, the problem of perturbing a counter-
propagating edge mode of a fractional topological insu-
lator [21] or two nearby FQH states with opposite spin
polarizations by either electron pairing or backscatter-
ing has attracted a lot of attention. It has been shown
that the parafermion (fractionalized Majorana fermion)
zero modes can be obtained at the domain wall between
regions with these different mass terms [6–8, 22–27]. It
has also been shown that parafermion zero modes can be
found in the bulk of an FQH state which has acquired
superconducting pairing through proximity effect [9] as
well as in other 2D systems [28–35].
After obtaining parafermions, a condensate of
parafermions is needed to achieve a Zk parafermion state.
In this paper we show that this can naturally happen in
a fractional topological superconductor (FTSC) which is
defined as an Abelian FQH state that has acquired super-
conducting pairing either intrinsically or through proxim-
ity effect (see Fig. I). The basic observation behind our
idea is the way we obtain Zk Parafermion FQH states.
It is achieved by condensing clusters of k quasiparticles.
Now imagine an Abelian FQH state at ν = 2/k. It sup-
ports anyon excitations with qa = 2e/k electric charge.
We then induce pairing by some means into this state.
The charge of the Cooper pair is 2e, therefore, we need
k-anyon condensation. This condensate is topologically
indistinguishable from the non-Abelian part of the Read-
Rezayi Zk parafermion wave-function.
The Fractional Chern insulator (FCI) is a topological
state of strongly interacting electrons residing in a par-
tially filled nearly flat band with nontrivial Chern num-
ber [36–42]. FCI has the same topological order as an
FQH though there is no external magnetic field. There-
fore, as long as the topological order of the parent state
is concerned, we can substitute FQH for FCI without
changing the final results. From now on, we do not dis-
tinguish between them and one can replace FQH with
FCI everywhere in this paper. It is worth mentioning
that there are two huge advantages for the FCI compared
to the FQH in our discussions. First, there is no exter-
nal magnetic field that can kill superconductivity in an
FQH system. Second, it is much easier to induce s-wave
pairing in it.
These intriguing findings motivated us to reexam-
ine the superconductor (SC)-FQH heterostructure more
carefully. However, the nature of this problem is diffi-
cult and highly nontrivial due to strong correlations in
the FQH state. Nevertheless, we introduce a trick that
can help us understand this situation better. We will
discuss in section II that a generic Abelian FQH state
can be mapped into an array of one dimensional (1D)
chains of counter-propagating free bosons. These chains
are coupled by anyon back-scattering terms such that
bulk becomes fully gapped while boundaries host chiral
gapless modes. A similar construction has been intro-
duced by Teo and Kane to obtain FQH states by starting
from decoupled Luttinger liquids. This type of mapping
FIG. 1. Schematic setup of a fractional topological super-
conductor. This state of matter can be achieved by inducing
superconducting order parameter into a fractional quantum
Hall bar or a fractional Chern insulator through the proximity
effect.
helps us to study the effect of superconducting pairing
on these 1D chains more efficiently by utilizing powerful
techniques of CFT approach. CFT predicts that when
(νc mod 1) < 1/2, the 1D theory of each chains flows to
Zk parafermions in the infra-red (IR) fixed point [43, 44],
where k = 2/ν. Inter-chain anyon backscattering gaps
out the bulk of the system but maintains a chiral edge
state described by Zk parafermion CFT around the sam-
ple.
It is worth mentioning that the FQH state has a non-
zero bulk gap that prevents quantum phase transition
as long as it is open. When the superconducting pair-
ing is weak the bulk gap does not close and no phase
transition is expected. As the pairing becomes stronger
and comparable to the many body gap, we reach a quan-
tum critical point. The system undergoes a topological
phase transition into a different topological state at this
point and when gap reopens, the nature of the state be-
comes completely different than its parent state. This
type of problem has been first studied by us in Ref. [9].
We showed there that the high energy description of the
FTSC can be studied by modifying the edge theory of
the Abelian parent state. Assuming the parent state’s
edge theory is U(1)k CFT, after the phase transition it
would be a U(1)k/Z2 orbifold CFT [9, 11, 45–47]. In this
paper, we reinvestigate this problem and show that for
k < 4, the system has a different low energy description
than its high energy limit. For these values of k, we can
find the superconducting analogue of the Read-Rezayi Zk
parafermion state.
Our paper is organized as follows. In Section II, we
briefly introduce the 2D bosonization of the Abelian
FQH states by mapping them to an array of 1D chains
through applying a similar construction to that of Teo
and Kane [48]. This mapping allows us to use powerful
techniques of the CFT approach. Using the bosonization
framework, we study the FQH-SC heterojunction and
map this problem to coupled 1D chains as well. In section
III, we focus on the Hamiltonian that describes a single
chain. We discuss that the self-dual sine-Gordon (SDSG)
model emerges as the effective Hamiltonian of the decou-
pled 1D chains. We show that by tuning the strength
of inter-chain pairing and backscattering we can achieve
3the self-dual point of the SDSG model which is a quan-
tum critical point. It is believed that this critical point
is described by a Zk parafermion CFT for k < 4. One
mechanism that can enhance backscattering is to induce
in plane magentic order in an FCI with strong spin-orbit
coupling. This can be achieved by putting a ferromag-
net (FM) on top of an FCI. In section IV, we study the
effect of inter-chain coupling and show that it gaps out
every two nearby counter-propagating modes. This ob-
servations solves our main problem of finding the super-
conducting analogue of the Read-Rezayi Zk parafermion
FQH state.
II. BOSONIZATION OF ABELIAN FQH STATES
AND FTSCS
As we mentioned earlier in the current paper, an FCI
is smoothly connected to the FQH state in presence of
external magnetic field. Therefore, they are described by
the same topological order, i.e., their anyon excitations,
edge states, and every other topological characteristic,
e.g., the ground-state degeneracy is identical. In this
section, FQH at filling νc denotes all the gapped physi-
cal systems that can be smoothly transformed into one
another, including FCI.
The FQH effect requires the interaction between elec-
trons to be much larger than their kinetic energies.
Therefore, the FQH state is by definition a strongly cor-
related system and any description of the system is ap-
proximate and far from being exact. Thus, the prob-
lem of FQH-SC heterostructure is very challenging. In
this section we pause and try to overcome this difficulty
first. We introduce a mapping that will turn out to be
very useful in solving our problem. We demonstrate that
an Abelian FQH state can be mapped into an array of
coupled 1D chains of counter-propagating gapless modes
each described by a free boson CFT. This mapping to
coupled 1D chains allows us to take advantage of the
powerful techniques of the CFT approach in solving our
main problem.
The basic observation behind our scheme is that the in-
terior of an Abelian FQH state is gapped while its bound-
ary with a trivial insulator, e.g., vacuum supports gapless
edge modes described by a free boson CFT [49]. Further-
more, we assume that every two systems with gapped
bulk and the same edge theory are described by the same
topological order. Next, we cut the FQH system into
three pieces: A1 and A2, that are separated by a third
trivial narrow region B (see Fig. II) whose length along
the x axis will be set to zero at the end of the process.
Since both A1 and A2 regions are surrounded by vac-
uum, each support a gapless chiral edge mode. There-
fore there are two counter-propagating modes on the two
sides of region B. It should be emphasized that these two
counter-propagating modes can have identical center of
mass momenta. Because we take the narrow limit of the
intervening region, the two counter-propagating modes
FIG. 2. An Abelian FQH state can be imagined as an array
of coupled one dimensional chains each described by a free
boson CFT. a) FQH region A can be split into regions A1
and A2 in addition to the extremely narrow vacuum region
B. Bent blue arrow represents backscattering process between
the two counter-propagating gapless modes. b) By repeating
this procedure we can map a 2D FQH state into an array
of narrow strips A1 to AN that are coupled to one another
through backscattering. Each narrow strip can be imagined
as a 1D chain with a free boson description.
can couple to one another through backscattering. It is
well-known that the backscattering between two identi-
cal counter-propagating modes can gap them out [50, 51].
Therefore, there is no gapless edge state on the two sides
of region B after taking the backscattering process into
consideration. This is consistent with our intuition of an
FQH state that can have gapless edge state only at its
boundary with a different topological state.
The above procedure can be easily generalized by split-
ting the system into N FQH regions, AI , that are sepa-
rated by narrow vacuum regions BI (see Fig. II). After
taking the N → ∞ limit, the narrow FQH liquid region
AI becomes a 1D chain with two counter-propagating
modes. These chains are coupled by backscattering
through BI regions. This simple trick motivates us to
imagine an FQH state as an array of coupled 1D chains,
thus suggesting a CFT description of the system. To
summarize, we first introduce an infinite number of nar-
row strips each with two counter-propagating modes.
The strips acquire mass through backscattering between
adjacent counter-propagating modes. In this way the
bulk of the system becomes gapped. If the two outermost
modes at the boundary of the original sample remain gap-
less the system corresponds to an FQH, otherwise it rep-
resents a trivial insulator with trivial topological order.
In the rest of this paper we demonstrate how powerful
this technique is in understanding the superconducting
proximity effect on the Abelian FQH states.
4A. Bosonization of fractional quantum states
Consider an Abelian FQH state of electrons at filling
fraction |νc| = 2/k where N ∈ Z. For k = 2m it can be a
monolayer, while for k = 2m+1 we consider a bilayer sys-
tem, e.g., (k, k, 0), (k−1, k−1, 1) or (1, 1, k−1) Halperin
states. The multi-component quantum Hall states can
have extended symmetries. Hence, excitations carry dif-
ferent charges for example pseudo-spin (associated with
layer index), spin, and electric charge. From now on, for
two reasons we focus on the charged sector of the system
and charged degrees of freedom only. Firstly, neutral
fluctuations are unaffected by inducing superconducting
pairing and do not modify our results. Secondly, we need
to somehow gap out the neutral fluctuations for a sim-
ple reason. The minimum charge of excitations in the
Halperin states mentioned earlier is νc/2 = 1/k rather
than νc = 2/k. However, we need k−anyon condensa-
tion in order to obtain a Zk symmetric state, hence the
minimum charge of excitation should become twice big-
ger. This can be achieved through binding anyons of
the top and bottom layers, i.e., gapping the pseudo-spin
excitation.
Before discussing the bosonization procedure let us
pause and briefly describe how we can decouple charge
and neutral degrees of freedom in the (nnl) two-
component quantum Hall state with νc =
2
n+l fill-
ing fraction. Using the K matrix formulation, there
are det(K) = n2 − l2 non-trivial anyon excitations de-
scribed by integer valued ~p ≡ (p1, p2) vectors subject
to ~p ∼ ~p + (n, l), ~p ∼ ~p + (l, n) identifications. The
self-statistics of ~p excitation is θp,p = pip
TK−1p and
the mutual statistics between ~p and ~q distinct excita-
tions is θp,q = 2pip
TK−1q [49]. There are two elec-
tron operators given by (n, l) and (l, n) vectors. In
the edge CFT picture, the electron operators can be
bosonized as c+ = e
i(nφ1+lφ2) and c− = ei(lφ1+nφ2) with
〈φi(z)φj(w)〉 =
(
K−1
)
ij
log (z − w) correlation function.
For the (nnl) state we can define the charged and neu-
tral chiral bosons as φc = (φ1 + φ2), and φs = (φ1 − φ2).
Thus, the two electron operators are represented by
c+ = e
i(φc/νc+φsνs) and c− = ei(φc/νc−φs/νs) in terms of
charged and neutral degrees of freedom where νc =
2
n+l
and νs =
2
n−l . Later we imagine a situation where the
neutral sector is gapped. This assumption allows us to
drop the neutral boson from expressions and both elec-
tron operaters can be represented as c ∝ eiφc/νc where νc
is the filling fraction.
Now let us come back to our coupled wires construc-
tion of the FQH states. The procedure explained in the
previous section suggests the following description for the
“charged sector” of an Abelian FQH state at filling frac-
tion νc in terms of coupled 1D chains [7, 52]
H0 =
∫
dx
(H0 +HBS1 +HBS2 ) ,
H0 =
N∑
I=1
∑
τ=c,s
ν−1τ
4pi
[(
∂xφ
I
τR
)2
+
(
∂xφ
I
τL
)2]
,
HBS1 = −
N∑
I=1
gBSI,I cos
(
φIcR − φIcL
νc
)
cos
(
φIsR − φIsL
νs
)
,
HBS2 = −
N−1∑
I=1
gBSI,I+1 cos
(
φIcR − φI+1cL
νc
)
cos
(
φIsR − φI+1sL
νs
)
,
(1)
where exp
(
iφcIR/L/νc ± φsIR/L/νs
)
denotes the bosonized
right/left moving electron operator on the upper/lower
layer and the I-th chain. Here HBS1 represents the intra-
chain backscattering of electrons and HBS2 inter-chain
electron backscattering. In principle the “intra-chain
anyon backscattering” process is allowed and must be
taken into account in our analysis. However, as we will
discuss shortly, for the setup we study in this paper they
are subdominant terms and we will neglect them in our
discussion. On the other hand, the inter-chain anyon
backscattering is strictly disallowed since anyons cannot
pass through the vacuum (see Fig. II).
In the quantum Hall regime, HBS1 as well as intra-chain
anyon backscattering terms should be either absent or
weak enough, otherwise all chains become gapped and
there will be no edge state. However, there are ways to
generate intra-chain electron backscattering (HBS1 ). For
example, inducing an in-plane magnetic order in the frac-
tional Chern insulator with strong spin-orbit coupling
through proximity to a ferro-magnet can enhance elec-
tron backscattering. The presence of strong spin-orbit
coupling leads to (partial) spin momentum locking, hence
spin flip will amount to backscattering of electrons. This
effect does not enhance anyon backscattering. The rea-
son is that anyon backscattering through proximity effect
requires anyon excitation in the substrate as well whereas
ferro-magnet is a topologically trivial state and does
not support anyon excitations. Therefore, in this paper
we make the central assumption that proximity induced
intra-chain electron backscattering is much stronger than
intrinsic intra-chain anyon backscattering because prox-
imity effect can enhance electron backscattering only.
The above simple model in Eq. (1) can describe the
phase transition between the FQH and the trivial state.
For instance, when gI,I  gI,I+1 we can ignore HBS1 , so
φ1L and φ
N
R which live at the boundaries of the system
remain gapless, while all other modes become massive.
Therefore, we obtain an FQH state for gI,I  gI,I+1. In
the opposite limit where gI,I  gI,I+1 we can ignoreHBS2
and due to strong intra-chain backscattering the system
is completely gapped, resulting in a trivial insulator.
B. Bosonization of fractional topological
superconductors
We now wish to study the effect of superconductivity
on an Abelian FCI state at filling fraction νc = 2/k.
5To this end, we assume the spin orbit coupling is strong
in the system, and thus the electron spin is correlated
with its momentum. In other words, the spin of cI±,R ∼
eiφ
I
cR/νc±iφIsR/νs electron operator is opposite to that of
cI±,L ∼ eiφ
I
L/νc±iφIsL/νs . Consequently, they can be paired
through s-wave pairing. This s-wave superconductivity
can be either intrinsic or induced through the proximity
effect. We consider two perturbations: intra-chain and
inter-chain pairing which have gSCI,I c
I
Rc
I
L and g
SC
I,I+1c
I
Rc
I+1
L
structures, respectively. These terms have the following
bosonized representations,
HSC1 = −
N∑
I=1
gSCI,I cos
(
φIcR + φ
I
cL
νc
)
cos
(
φIsR − φIsL
νs
)
,
HSC2 = −
N−1∑
I=1
gSCI,I+1 cos
(
φIcR + φ
I+1
cL
νc
)
cos
(
φIsR − φI+1sL
νs
)
.
(2)
Therefore, the Hamiltonian density of an FTSC is H0 +
HBS1 +HBS2 +HSC1 +HSC2 . Now let us define the following
bosonic variables:
ϕIc/s =
φIc/s,R + φ
I
c/s,L
2
, θIc/s =
φIc/s,R − φIc/s,L
2
. (3)
with[
ϕIτ (x, t) , ϕ
I
τ ′ (y, t)
]
= 0,
[
θIτ (x, t) , θ
I
τ ′ (y, t)
]
= 0,[
ϕIτ (x, t) , θ
I
τ ′ (y, t)
]
= i
piντ
2
δτ,τ ′sgn (x− y) , (4)
equal time commutation relations. On one hand, the
above bosonic variables tend to fluctuate due to the Ki-
netic term H0. On the other hand, in order to gain
potential energy the argument of the cosine perturba-
tions must freeze, i.e., replaced by a constant value (c-
number) at every spatial point. If the latter happens,
then the sector associated with that bosonic variable
becomes massive. However, this wish cannot be al-
ways fulfilled. For example, if we condense ϕIc (x, t) bo-
son (i.e., replace it by its expectation value) such that∣∣cos (2ϕIc/νc)∣∣ = 1, then we cannot have ∣∣cos (2θIc/νc)∣∣ =
1, because
[
ϕIc (x, t) , θ
I
c (y, t)
] 6= 0, and these two conju-
gate variables cannot simultaneously condense. An im-
portant observation about the above Hamiltonians is that
it contains cos
(
2θIs/νs
)
only and as a result we can max-
imize it by assuming θIs = nνspi, where n is an integer
number. Thus, the neutral sector is gapped out. For
this reason, from now on we focus on the charged sec-
tor and investigate the effect of having two incompatible
perturbations cos
(
2ϕIc/νc
)
and cos
(
2θIc/νc
)
.
In the absence of inter-chain interaction and after con-
densing θIs neutral bosons, the above Hamiltonian re-
duces to an array of N → ∞ decoupled 1D chains each
described by a SDSG Hamiltonian [43]:
HISG =
ν−1c
2pi
∫
dx
[(
∂xϕ
I
c
)2
+
(
∂xθ
I
c
)2]
,
−
∫
dx
[
g∗ SCI,I cos (2ϕc/νc) + g
∗ BS
I,I cos (2θc/νc)
]
.(5)
where g
∗ SC/BS
I,I = g
SC/BS
I,I
〈
cos
(
2θIs/νs
)〉
. In the follow-
ing section, we first try to review the properties of the
above well-studied SDSG model [43, 44]. We then inves-
tigate the effect of coupling between different 1D chains
that are described by the above SDSG Hamiltonian. This
will help us to find a route for finding the superconduct-
ing analogue of the Read-Rezayi parafermion wavefunc-
tion.
III. PHASE DIAGRAM OF DECOUPLED 1D
CHAINS
In this section we focus on one chain of two counter-
propagating modes perturbed by superconducting pair-
ing and electron back-scattering. As we mentioned in the
previous section, the resulting Hamiltonian has the SDSG
form. So, let us consider the following SDSG Hamilto-
nian of a 1D system:
HSG (k) = k
4pi
∫
dx
[
(∂xϕ)
2
+ (∂xθ)
2
]
,
−
∫
dx [g1 cos (kϕ) + g2 cos (kθ)] . (6)
By comparing the above equation with Eq. (5), we see
that k is related to the filling fraction of the parent FQH
state as follows: k = 2/νc. The first part of the SDSG
Hamiltonian describes a free boson theory with c = 1
compactified on a circle with radius R =
√
k/2. The
second part of the SDSG Hamiltonian contains two dif-
ferent types of mass terms that do not commute with
each other, since:
[ϕ (x) , θ (x′)] = i
pi
k
sgn (x− x′) , (7)
The conformal dimension of the g1 as well as g2 term
is k/2. Therefore, they are relevant perturbations when
k < 4. The cosine perturbations break the U(1) × U(1)
symmetry associated with the kinetic part of the SDSG
model to its Zk × Zdualk subgroup generated by
Zk : ϕ→ ϕ+ 2pi/k, θ → θ, (8)
and
Zdualk : θ → θ + 2pi/k, ϕ→ ϕ, (9)
respectively. Interestingly, the Zk clock model also enjoys
two distinct Zk symmetries. In fact, it can be shown that
the SDSG model with index k describes the continuum
limit of the Zk clock model [53].
Some useful insights can be obtained by studying the
SDSG model at its limiting cases. For instance, for g2 =
0, the charged ϕ condenses at one of its classical values,
i.e., ϕ0 =
2pim
k . This can happen since [ϕ (x) , ϕ (x
′)] = 0.
Similarly, when g1 = 0, θ field condenses to its classical
values θ0 =
2pim
k , because [θ (x) , θ (x
′)] = 0. Let us define
the following order parameters
σ (z, z¯) ∼ eiϕ(z,z¯) + αe−i(k−1)ϕ(z,z¯),
6µ (z, z¯) ∼ eiθ(z,z¯) + βe−i(k−1)θ(z,z¯), (10)
where α, and β are two non-universal constant. The σ
order parameters (also known as spin field) carries unit
charge of the first Zk and neutral under the dual Zk sym-
metry, while µ order parameter (also known as spin dis-
order field) is neutral under Zk and carries unit charge of
the Zdualk . These two order parameters do not commute
and cannot condense simultaneously. Therefore, we can
distinguish two gapped phases by looking at the expecta-
tion values of σ and µ fields. The so-called ferromagnetic
phase (g1  g2) is characterized by 〈σ〉 6= 0, and 〈µ〉 = 0,
while in the paramagnetic phase (g1  g2) by 〈µ〉 6= 0,
and 〈σ〉 = 0.
The SDSG model at g1g2 = 0 reduces to the XY model
of a system with in plane magnetic order that has a sin-
gle global U(1) symmetry associated with either ϕ or θ
field, and a discrete Zk symmetry associated with the
other one. On the other hand, the g2 (g1) mass term can
be imagined as the vortex operator for the g1 (g2) mass
term. This vortex operator breaks the mentioned U(1)
symmetry down to its Zk subgroup. To see this we need
to consider the following commutation relation[
ϕ (x) , e−ikθ(x
′)
]
= pisgn (x− x′) e−ikθ(x′). (11)
As a result, if we label a ground-state by ϕ (x) |ϕ0〉 =
ϕ0 |ϕ0〉, we have
e−ikθ(x
′) |ϕ0〉 ∼ |ϕ0 + pi〉 x′ < x,
e−ikθ(x
′) |ϕ0〉 ∼ |ϕ0 − pi〉 x′ > x, (12)
which simply means e−ikθ(x
′) creates a kink in the pro-
file of ϕ0 at x
′ and shifts its value by 2pi at that point.
Consequently, g2 term creates vortices and compactifies
ϕ field as
ϕ ∼ ϕ+ 2pi. (13)
Due to this periodicity, ϕ0 has only k distinct values given
by
ϕ0 =
2pim
k
, m = 0, ..., k − 1. (14)
Therefore, when g1  g2, ϕ condenses and the free
boson theory becomes massive. Similarly, when g2 
g1, θ condenses and again we obtain a gapped theory.
However, the situation is fundamentally different at the
|g1| = |g2| point. In this case, the theory is symmet-
ric under ϕ ↔ θ exchange and shows self-duality. At
this point neither ϕ nor θ can condense and is a critical
point [43, 44, 48].
At the ultra-violet (UV) fixed point the SDSG model
is a CFT with cUV = 1. At the infra-red (IR) limit, the
SDSG model is critical at the self-dual point and de-
scribed by a CFT. On the other hand, according to the c-
theorem [54] when we perturb a CFT with relevant oper-
ators (in the sense of RG) i.e., when k < 4 in our problem
(so the scaling dimension of the mass terms does not ex-
ceed two) then cIR < cUV = 1. Hence, the IR fixed point
is necessarily described by a minimal CFT. At this IR
fixed point, g1 and g2 terms compete with each other and
do not let the other term to condense. This can be seen
through the vortex picture. We can approach the self-
dual point from the g1 > g2 side. Along that direction g1
term dominates over the g2 term, and thus cos (kϕ) maxi-
mizes through picking one of k distinct values of ϕ. Since
θ and ϕ are conjugate fields, g2 cos (kθ) term creates vor-
tices for the classical configuration of ϕ0 (x). Therefore,
g2 can be considered as the fugacity of the vortex gas.
When g2 approaches g1, vortices proliferate all over the
system and ϕ fluctuates strongly. Thus at g2 = g1, a
second order phase transition of the BKT type (vortex
proliferation) is expected. Since, ϕ0 can take k distinct
values, the universality class of the phase transition is
identical to that of the Zk clock model or equivalently
to that of a k-state Potts model. The critical point of
these theories is described by a Zk parafermion CFT [43].
Therefore, we expect that for k < 4 the SDSG model to
be described by a Zk parafermion CFT at its IR fixed
point.
When k > 4, both g1 and g2 terms are irrelevant, there-
fore, cUV = cIR. It is known that for u < uc1 < 1, where
u = g2/g1, ϕ condenses, while for u > uc2 > 1 the conju-
gate field θ is condensed. For these values of k, instead of
having a single critical point, the system is gapless with
Gaussian fluctuations all over the so called Villain line:
uc1 < u < uc2 [55, 56]. Furthermore, Fendley showed
that after a generalized Jordan-Wigner transformation,
the Zk chiral quantum clock model transforms to a dual
theory of a Zk parafermion chain, which exhibits an end
state d =
√
k quantum dimension when the original clock
model is in its ordered phase [19]. So, we conclude that
the CFT description of the SDSG must allow for a pri-
mary field with the same quantum dimension.
For k < 4, the UV fixed point of the SDSG model i.e.,
the unperturbed Hamiltonian (in which g1 = g2 = 0) is
described by U(1)k free boson CFT whose central charge
is c = 1. Since, the perturbations in the SDSG model is
relevant for k < 4, the IR fixed point of the SDSG model
has a different CFT description. For example, for k = 2
we achieve a single Ising CFT (Z2 parafermion) and a
Z3 parafermion CFT for k = 3 in the IR limit. Further-
more, noting the facts that U(1)k/Z2 orbifold CFT has
Zk symmetry, c = 1 central charge, and twist fields with
quantum dimension dtw =
√
k that trap Zk parafermion
zero mode [9], we conjecture that the gapless region of
the SDSG for k > 4 is described by the U(1)k/Z2 orbifold
theory.
Before closing this section, it is worth mentioning that
“parafermion primary field” ψ1,R of Zk parafermion CFT
carries unit charge of both Zk and Z
dual
k symmetries in
Eq. (8). Similarly, the ψ1,L carries +1 Zk charge and -1
Zdualk charge [53]. This observation suggests the following
identifications in terms of the UV fixed point free boson
fields:
ψ1,R ∼ σ (z, z¯)µ (z, z¯) ∼ eiφR + α′e−i(k−1)φR + ...
ψ1,L ∼ σ (z, z¯)µ† (z, z¯) ∼ eiφL + α′e−i(k−1)φL + ... ,(15)
7where ... denotes higher order (less relevant) terms. The
above relations must be viewed as the “transmutation”
of the UV primary fields with a free boson description to
the primary fields of the IR fixed point under RG flow. In
other words, if we start from the vertex operator on the
right side in the UV limit, then RG flow will transform it
into the left side as we approach the IR fixed point. We
must stress that the lattice parafermion operator that is
the building block of some statistical models is different
from the parafermion primary field and these two should
not be confused. Lattice parafermion does not have a
definite chirality, is not a primary field and has a more
complicated UV-IR transmutation (see Ref. 53 for more
details).
For some specific values of k, the SDSG model can be
solved exactly [43, 48]. In the following we will first de-
scribe the exactly solvable k = 2 SDSG and then discuss
the more interesting k = 3 case.
A. k=2 Self-dual sine-Gordon model
At k = 2, it is possible to fermionize the SDSG
model. This can be seen from the scaling dimension of
the cos (2θ) and cos (2ϕ) operator which is unity. These
mass terms can be written as a fermion bilinear since the
scaling dimension of holomorphic part of free electrons is
1/2. So we are dealing with a non-interacting problem
that can be easily solved [43, 57]. To this end we define
the following fermionic operators
cR ∝ eiφR = ei(ϕ+θ), cL ∝ eiφL = ei(ϕ−θ), k = 2.(16)
Using the above definitions we can rewrite H1 as
H1 = −1/2
∫
dx g1
(
ei(φR+φL) + e−i(φR+φL)
)
+g2
(
ei(φR−φL) + e−i(φR−φL)
)
. (17)
It is convenient to work with Majorana fermions defined
as follows:
γ1,R/L =
cR/L + c
†
R/L
2
= cos
(
φR/L
)
,
γ2,R/L =
cR/L − c†R/L
2i
= sin
(
φR/L
)
. (18)
In the Majorana fermion basis, the sine-Gordon equation
for N = 2 is
HN=2SG = H0 +H1,
H0 = i
∫
dx
∑
i=1,2
(γi,R∂xγi,R − γi,L∂xγi,L) ,
H1 = i
∫
dx ((g1 + g2) γ1,Rγ1,L − (g1 − g2) γ2,Rγ2,L) .(19)
where i in the H1 can be derived by taking the zero mode
of Majorana fermions carefully [48]. At the self-dual
point, the interaction Hamiltonian creates 2ig1γ1,Rγ1,L
mass term for the γ1,R and γ1,L Majorana fermions, and
leaves the other two Majorana fermions gapless. This is
consistent with our expectation for k = 2 SDSG to be
described by a Z2 parafermion theory which happens to
be the Ising CFT with Majorana fermions as its primary
operators.
Now consider an array of coupled 1D chains at g1 = g2
self-dual point. It is clear from Eq. (19) that γ1,R/L
Majorana fermion is gapped, while γ2,R/L ∼ sin
(
φR/L
)
remains gapless. We then turn on the coupling between
neighboring γ2,R/L Majorana fermions. The generic term
is of igI,I+1γ
I
2,Rγ
I+1
2,L form, where I stands for the index of
the chain. This term gaps out all the Majorana fermions
except for the two outermost Majorana modes i.e., γ12,L,
and γN2,R. The bosonized version of inter-chain coupling
is as follows:
2iγI2,Rγ
I+1
2,L =2 sin
(
φIR
)
sin
(
φI+1L
)
=cos
(
φIR + φ
I+1
L
)− cos (φIR − φI+1L ) .(20)
It is worth mentioning that iγI1,Rγ
I+1
1,L =
cos
(
φIR
)
cos
(
φI+1L
)
term can be added to the above
mass term without causing a phase transition. As we
mentioned above k = 2/νc, if we start from νc = 1
quantum Hall state we obtain k = 2. The above map-
ping tells us that inducing pairing in a νc = 1 integer
quantum Hall (IQH) state will give us a topological
superconductor with Ising anyons. This result can also
be shown by starting form a lattice model with C = 1
Chern number and adding pairing term. The model
can be solved exactly after which, it can be shown that
there is a range of parameters in which we obtain a
topological superconductor with a single Majorana edge
state [58, 59].
B. k=3 Self-dual sine-Gordon model
The SDSG model at k = 3 can be shown to flow toward
a Z3 parafermion CFT at its IR fixed point [43, 44, 60–
62]. One way to show this is to start from a Z4
parafermion theory that can be bosonized. Then by
adding an appropriate mass term of the form : cos (3θ) :
+ : cos (3ϕ) :, it can be shown that the theory will
flow to M5 minimal model which is a Z2 orbifold of
the Z3 parafermion CFT [43]. Interestingly, the primary
fields of the Z4 parafermion theory transmute under this
UV-IR flow as well. Therefore, we can use this UV-IR
transmutation to represent the primary fields of the Z3
parafermion in terms of the primaries of the Z4 theory
with free boson representation. In Ref. [53], we obtain
all the primary fields of the Z3 parafermion theory in
terms of current and vertex operators. For example, the
following identifications will be shown
cos (3φR/2) cos (3φL/2) ∼ X (z, z¯) ,
sin (3φR/2) sin (3φL/2) ∼  (z, z¯) , (21)
8where φR/L = ϕ ± θ are chiral bosons, X (z, z¯) is the
neutral operator and  (z, z¯) is the thermal (energy) op-
erator of the Z3 parafermion theory with (hX , h¯X) =
(7/5, 7/5), and (h, h¯) = (2/5, 2/5) conformal dimen-
sions, respectively [11]. Adding neutral operator is an
irrelevant perturbation for the resulting IR fixed point
CFT. The above relations are consistent with the facts
that 1) Both thermal and neutral primary fields are
neutral under Z3 and Z
dual
3 symmetries introduced in
Eq. (8). 2) The thermal operator is odd under dual-
ity transformation, ϕ ↔ θ, and neutral operator even.
3) The cos (3φR/2) cos (3φL/2) perturbation drives the
phase transition between Z4 and Z3 theory. 4) Adding
sin (3φR/2) sin (3φL/2) term to the N = 3 SDSG model
spoils the self-duality condition and results in a gapped
theory. The thermal operator has zero spin and can
be written as the product of its holomorphic and anti-
holomorphic parts. The above relations suggest the fol-
lowing identifications:
sin (3φR/2) ∼ R, sin (3φL/2) ∼ L. (22)
It is worth mentioning that IR and 
I+1
L operators are
not local with respect to themselves since their conformal
spins are fractional that amounts to branch-cut in their
self-correlation functions. However, IR
I+1
L has zero con-
formal spin and there is no branch cut in its correlation
with itself. So it generates a local perturbation. Re-
call that chiral and anit-chiral electron operators were
bosonized as
c±,R/L = ei
3φcR/L
2 e±i
φsR/L
νs k = 3. (23)
in the UV limit and at νc = 2/3 filling (recall that in
our notation c+ denotes the electron operator on the top
layer and c− on the bottom layer). Now let us consider
the following inter-chain electron pairing and backscat-
tering term. Combining equations (22) and (23) yields
the following transmutation:
−gI,I+1<
(
cI†−R − cI+R
)(
cI+1−L − cI+1†+L
)
∝ −g∗I,I+1IRI+1L ,
(24)
where g∗I,I+1 = gI,I+1
〈
cos
(
φIs,R/νs − φI+1s,L /νs
)〉
.
Therefore, the inter-chain electron pairing and backscat-
tering can be added to the Hamiltonian of Z3
parafermions to couple neighboring chains in the above
fashion. It is known that for Z3 parafermion CFT, per-
turbing the Hamiltonian with thermal operator moves
the theory off the critical point for all values of g∗I,I+1 [56].
However, g∗I,I+1 > 0 drives the system into paramagnetic
phase, while g∗I,I+1 < 0 to the ferromagnetic phase.
Consequently, if we add the above inter-chain mass
term to the array of gapless Z3 parafermions chains we
can gap out all the gapless modes except for the two out-
ermost ones. Next, we appeal to the bulk-boundary con-
jecture to relate the topological order of the bulk to its
edge CFT. Sine the resulting FTSC and Read-Rezayi Z3
FIG. 3. Array of coupled 1D chain. a) T1 represents the intra-
chain interaction that turns a chain into a parafermion chain.
The solid (dashed) line denotes a free boson (parafermion)
gapless mode. b) T2 represents the inter-chain coupling that
gaps out every two adjacent parafermion modes. After ap-
plying T1 and T2 terms, we are left with a gaped bulk and a
chiral gapless parafermion edge mode.
parafermion state of the νc = 13/5 FQH are both gapped
in their bulks and have identical non-Abelian edge CFT,
therefore, they are described by the same non-Abelian
topological order and support the same non-Abelian ex-
citations. Among these excitations, we the most signifi-
cant one is the Fibonacci anyons that is capable of per-
forming topological quantum computation via braiding
operations.
Now let us imagine an FTSC whose parent state is
at filling fraction νc = 2/3. The value of k in the sine-
Gordon model is k = 2/νc = 3. Hence, we obtain the Z3
parafermion FTSC by inducing superconductivity into
νc = 2/3 FQH state. Two fermionic candidates for such
a state are (3, 3, 0), (2, 2, 1) and (1, 1, 2) Halperin states.
These bilayer FQH states have neutral and charged de-
grees of freedom each described by c = 1 CFT. Super-
conductivity cannot do anything with the neutral part
and only the charged part undergoes the phase transi-
tion into Z3 parafermion state. However, we must gap
out these neutral sector first in order to have excitation
with multiples of q = 2/3 electric charge. Thus, νc = 2/3
FQH-SC heterostructure can yield the superconducting
analogue of the Z3 parafermion FQH state.
IV. PARAFERMION FRACTIONAL
TOPOLOGICAL SUPERCONDUCTORS
In this section, we apply the Teo and Kane construc-
tion [48] to obtain a 2D dimensional topological state
from an array of 1D gapless chains. To this end, we cou-
ple the 1D parafermion chains to one another (see Fig.
3). We first map the 2D FCI at νc = 2/k filling fraction
into an array of 1D chains of free bosons. When spin-
orbit coupling is strong in the parent state we can gener-
ate intra-chain electron backscattering through proximity
to a ferro-magnetic. On the other hand, the supercon-
ducting substrate generates intra-chain electron pairing.
Therefore, each chain is described by the SDSG model in
Eq. (6). Let us call the intra-chain perturbations com-
ing from these two processes T I,I1 . At the self-dual point
9i.e., when g1 = g2, the perturbations drive a phase tran-
sition from the UV fixed point with cUV = 1 into the
IR fixed point that is now described by Zk parafermion
theory with cIR = 2(k − 1)/(k + 2) for k < 4. Tuning
the interaction to the self-dual point is a stringent con-
dition. Deviation from this condition will be addressed
shortly. Then we study the effect of intra-chain anyon
and electron backscattering along with electron pairing.
Let us call this inter-chain perturbation T I,I+12 . In sec-
tion III we checked that for k = 2, 3 cases, these terms can
be rewritten in terms of the primary fields of the emer-
gent Zk CFT. We saw that they correspond to coupling
the holomorphic operators on the I-th chain to the anti-
holomorphic operator on the (I + 1)-th chain. Such per-
turbations gap out both gapless modes that are involved.
Therefore, by applying T I,I+12 terms we can gap out all
the parafermion modes in the system except for the two
outermost ones: the left-moving parafermion mode at
the first chain and the right-moving parafermion mode
at the last chain. Altogether, we obtain a gapped bulk
that has a chiral parafermion edge state. Bulk-boundary
CFT correspondence implies that all states with the same
edge CFT have the same operator content and identi-
cal topological orders. Therefore, the state we found is
the superconducting analogue of the (non-Abelian part of
the) Read-Rezay parafermion states originally proposed
for the FQH systems.
Now let us discuss the effect of moving away from the
self-dual point of the SDSG model in Eq. (6). Since
the 2D Zk parafermion state that we obtained by start-
ing from the self-dual point (g1 = g2) is gapped, it is
robust against perturbations and maintains its topolog-
ical properties as long as perturbations do not close the
gap. The bulk gap is determined by the inter-chain in-
teraction T I,I+12 . Assuming, it opens a mass gap, ∆, we
expect the system to stay in the Zk parafermion state
as long as the distance from the self-dual point which is
proportional to |g1 − g2| does not exceed ∆. Therefore,
the exact self-duality condition is not necessary.
We would to emphasize again that the above pic-
ture applies to k = 2/νc < 4 cases only, i.e., when
νc ∈ {1, 2/3}. For other values of k, the cosine terms in
Eq. (6) are irrelevant and do not modify the low energy
physics drastically. However, our simple RG analysis may
fail for other cases and we may obtain Zk parafermion
FTSC in other cases as well. One reason is that our RG
analysis is based on 1D CFT calculation, while the sys-
tem that we have in hand is in fact a 2D system. If we
believe in the RG analysis based on the 1D CFT, the low
energy physics (IR limit) of the SDSG is described by a
c = 1 CFT for k > 4. We conjecture that this theory is
a U(1)k/Z2 orbifold CFT. The unperturbed Hamiltonian
of the 1D chains in Eq. (6)(i.e., when g1 = g2 = 0) is
described by a U(1)k CFT of free bosons. In this case,
the chiral algebra is generated by the current operator,
j = ∂φ, and creation c†R/L and annihilation cR/L opera-
tors, where cR/L ∼ eikφR/L . However, superconductivity
breaks the U(1) symmetry associated with the charge de-
gree of freedom. So we cannot have both cR/L and c
†
R/L
in the chiral algebra. One possibility is that perturbation
makes i
(
cR/L − c†R/L
)
∼ sin (kφR/L) operator gapped
while maintains the other combination cR/L + c
†
R/L ∼
cos
(
kφR/L
)
gapless. In this case, the chiral algebra is
generated by current operator j and cos
(
kφR/L
)
oper-
ators only. The latter operator is invariant under the
following discrete Z2 symmetry: φR/L → −φR/L. There-
fore, we can identify φR/L with −φR/L. The result-
ing chiral algebra is well-studied and gives rise to the
U(1)k/Z2 orbifold CFT. Interestingly, this theory sup-
ports twist operators with quantum dimensions equal to
dtw =
√
k which are physical manifestations of the bulk
superconducting vortices, namely electron operator picks
a negative sign when it circles around twist operators [9].
Therefore, we conjecture that an FTSC whose parent
state is at νc = 2/k < 1/2 filling fraction is described
by a U(1)k/Z2 orbifold CFT instead of a Zk parafermion
theory.
V. SUMMARY AND CONCLUSION
In this paper, we explained that a fractional quantum
Hall system at νc = 2/k filling fraction can be mapped
to an array of narrow strips each with a pair of counter-
propagating gapless modes. These narrow strips can be
viewed as quasi-1D chains whose charged sectors are de-
scribed by a U(1) CFT. The coupling between the right
moving branch of the I-th chain and the left moving
branch of the (I + 1)-th chain gaps out the bulk but
maintains the edge modes of the 2D system gapless. If we
assume spin-orbit coupling is so large in the system that
spin of electron is locked to its momentum and as a result
all right (left) moving sectors carry spin up (down), then
we can induce s-wave paring as well as in-plane magnetic
order in the bulk of the system via proximity or intrinsic
spontaneous symmetry breaking.
By inducing superconductivity in the bulk of a frac-
tional quantum Hall we can obtain other possibilities be-
sides the above mentioned mechanism for achieving the
Abelian phase from coupled 1D chains. As we discussed
in the current paper, we can first couple the right and
left moving parts of each chain (intra-chain interaction)
and tune the strength of pairing and backscattering to
obtain gapless Zk parafermion chains. Then, adjacent
parafermion modes can be coupled to gap out the bulk
of the system. The edge of the system is gapless, chiral,
and is described by a Zk parafermion CFT. We can un-
derstand this result in a more intuitive way. Th electron
operator in the νc = 2/k FQH state is equivalent to k/2
anyons (when all neutral fluctuations are gapped). Ac-
cordingly, a Cooper pair consists of k anyons. As a result,
we expect a topological state with k-anyon condensation
to emerge through the proximity effect. One candidate
for such a condensate is the Read-Rezayi Zk parafermion
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state. The most interesting case is a νc = 2/3 FQH
on top of a superconducting substrate. By increasing
the strength of pairing the system undergoes a topo-
logical phase transition into the Z3 parafermion FTSC.
The operator content of this state contains Fibbonacci
anyons that are capable of performing universal quan-
tum computation. The νc = 2/3 FQH can be achieved
in (3, 3, 0), (2, 2, 1) or (1, 1, 2) bilayer states. For (3, 3, 0)
bilayer state, we need to add an interlayer pairing other-
wise the two layers would act independently and would
have ν↑ = ν↓ = 1/3 effective fillings.
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Note added. — After the completion of this work, we be-
came aware of a recently posted work [63] with a related
but different topological order for 2/3 FQH-SC hetero-
structure setup.
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